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^— ' ■ Abstract In this paper, we establish the equivalence between the Hajlasz-Sobolev 

spaces or classical Triebel-Lizorkin spaces and a class of grand Triebel-Lizorkin spaces on 
Euclidean spaces and also on metric spaces that are both doubling and reverse doubling. 
' In particular, when p £ {n/{n + l),oo), we give a new characterization of the Hajlasz- 

. Sobolev spaces Af^'''(R") via a grand Littlewood-Paley function. 

^■ 

1 Introduction 

^ . Recently, analogs of the theory of first order Sobolev spaces on doubling metric spaces 

CN ! have been established both based on upper gradients [23, 9, 32] and on pointwise inequal- 



o 



ities [18]. For surveys on this see [19, 24]. These different approaches result in the same 



■ function class if the underlying space supports a suitable Poincare inequality [25]. In this 

paper we further investigate the spaces introduced by Hajlasz [18] (also see [39]) that are 
<^ ' defined via pointwise inequalities. 

a^ ■ 

' Definition 1.1. Let be a metric space equipped with a regular Borel measure n such 

that all balls defined by d have finite and positive measures. Let p € (0, oo) and s G (0, 1]. 
^ I The homogeneous fractional Hajlasz-Sobolev space M^''p{X) is the set of all measurable 

^ ' functions f € L^J^^ (X) for which there exists a non-negative function g € L'^{X) and a set 

E d X of measure zero such that 

(1-1) \f{^)-f{y)\<[d{xM'[g{x)+g{y)] 

for all X, y £ X \ E. Denote by T){f) the class of all nonnegative Borel functions g 
satisfying (1.1). Moreover, define WfWMs.p^^x) = i'^fc/Gi>(/){ll5llLJ'(A')}) where the infimum 
is taken over all functions g as above. 

In the Euclidean setting, M^'^ coincides with the usual homogeneous first order Sobolev 
space W^'"'', [18], provided 1 < p < oo. For p € {n/{n -\- 1), 1], it was very recently 
proved [30] that this pointwise definition yields the corresponding Hardy-Sobolev space. 
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A Characterization of Hajlasz-Sobolev and Triebel-Lizorkin Spaces 



Consequently, M'^'P{W) = F^2i^'')^ for n/(n + 1) < p < oo, where i^p,g(M") refers 
to a homogeneous Triebel-Lizorkin space (see Theorem 5.2.3/1 in [34] and [30]). In the 
fractional order, s G (0, 1), case it was shown in [39] that M'^'P{M."-) = Fp^^{M."'), provided 
1 < p < oo. Notice the jump in the index q when s crosses 1 and that the result in the 
fractional order case does not allow for values of p below 1. 

We will next introduce a class of grand Triebel-Lizorkin spaces that allow us to char- 
acterize conveniently the fractional Hajlasz-Sobolev spaces for n/{n + s) < p < oo. The 
definition is based on grand Littlewood-Paley functions and we later extend it to the metric 
space setting, establishing an analogous characterization. 

Let Z+ = N U {0}. Let 5(M") be the Schwartz space, namely, the space of rapidly 
decreasing functions endowed with a family of seminorms {|| • [j^j, ^(]Rn)}fe,meZ+) where for 
any k G Z_|_ and m G (0, oo), we set 

\Msk ^(M") = sup sup (1 + \x\)"'\d°'ip{x)\. 

Here we recall that for any a = (ai, • • • ,a„) G Z^j:, |a| = ai -|- • • • -|- q:„ and d"^ = 
(afr^"^ ' ' ' '^ai")""' ^s known that 5(M") forms a locally convex topology vector space. 
Denote by 5'(M") the dual space of 5(M") endowed with the weak*-topology. Moreover, 
for each N G Z_|_, denote by 5jv(M") the space of all functions / G 5(M"') satisfying that 
J^„x"'fix)dx = for all a G with \a\ < N. For the convenience, we also write 
5_i(R") = S{W). For any ip G 5(M"), t > and a; G M", set ipt{x) = r"<^(t-^x). 
For each N G Z+ U{— 1}, mG(0, oo) and i eZ^, our class of test functions is 

(1-2) A- ^{<t>^ <5iv(M") : ||</'||5.+,+i.^(M") < 1}- 

Definition 1.2. Let s G M, p G (0, oo) and q G (0, oo]. Let A be a class of test functions 



as in (1.2). The homogeneous grand Triebel-Lizorkin space AFp^q{ 
collection of all f G <S'(M"') such that when q G (0, oo), 



I"') is defined as the 



)ksq 



sup I 
ct>eA 



< oo, 



and when q = oo, 



sup 2 * sup \4>2-k * f\ 
<f>&A 



LP(R") 



< OO. 



For A = A^ 



I/I 



j^^^, we also write ^Fp%(M") as A%^„^F^^g(K'^). Moreover, if iV G Z+ and 
^ = 0, then it is easy to see that / G Vn, where Vn is the space of polynomials 

with degree no more than N. So the quotient space AFp^q{M.'^)/VN is a quasi-Banach 
space. As usual, an element [f] = f + VN & AF^^g{W)/VN with / G AF^^g{W), is simply 
referred to by /. By abuse of the notation, we always write the space AFp^g(M."-)/VN as 

AFigiR-y 

The grand Triebel-Lizorkin spaces are closely connected with Hajlasz-Sobolev spaces 
and (consequently) with the classical Triebel-Lizorkin spaces. 
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Theorem 1.1. Let s E (0, 1] and p E (n/{n + s), oo). If A = Aq „i with £ G Z_|_ and 
me (n+ 1, co), then M*'*'(R") = ,^(M") with equivalent norms. 

To prove Theorem 1.1, for any / G L^'(M"), we introduce a special g G via a 

variant of the grand maximal function; see (2.1) below. When s = 1, comparing this with 
the proof of Theorem 1 of [30] , we see that the gradient on / appearing there is transferred 
to the vanishing moments of the test functions and the size conditions of the test functions 
and their first-order derivatives (see .4) here. We point out that the choice of the set A is 
very subtle. This is the key point which allows us to extend Theorem 1.1 to certain metric 
measure spaces. Moreover, to prove Theorem 1.1, an imbedding theorem established by 
Hajlasz [19] is also employed. 

Theorem 1.1 also has a higher-order version. 

Definition 1.3. Let p G (0, oo) and s & {k, k + 1] with fc G N. The homogeneous Hajlasz- 
Sobolev space M^'P(M."-) is defined to be the set of all measurable functions f G L^^^(M") 
such that for all a G with \a\ = k, d'^f G M*~'^'*'(M"), and normed by \\f\\Ms,p(^^n^ = 

Yli\a\=k II^"/IIm''-'=.p(R")- 

Corollary 1.1. Let N eZ+, s € (N, N + 1] and p G (n/(n + iV - s), oo). IfA = A%^^ 
with I G Z+ and m E {n + N + 2, oo) when s = N + 1 or m E {n + N + 1, oo) when 
s e {N, N + 1), then M^'P{W) = AF^^iW) with equivalent norms. 

The essential point in the proof of Corollary 1.1 is to establish a lifting property 

for AFp^f^{W^) via Theorem 1.1. This is done with the aid of auxiliary lemmas (see 
Lemmas 2.4 and 2.5 below), where in Lemma 2.4, we decompose a test function in Sn{M."') 
into a sum of test functions in 5fc(]R") with subtle controls on their semi-norms for all 
—l<k<N — l. The decomposition of a test function in <So(M") into functions in (S(R"') 
already plays a key role in [30]. The proof of Corollary 1.1 also uses Theorem 1.2 below. 
Now we recall the definition of Triebel-Lizorkin spaces on MV'. 

Definition 1.4. Let s G M, p G (0, oo) and q G (0, oo]. Let (p G <S(M") satisfy that 

(1.3) supp^ C G M" : 1/2 < |^| < 2} and |^(0I > constant > if 3/5 < |^| < 5/3. 

The homogeneous Triebel-Lizorkin space Fp^g{W^) is defined as the collection of all f G 
<S'(M") such that 



< oo 

LP(R") 



with the usual modification made when q = oo. 



Notice that if \\f\\ps (^n) = 0, then it is easy to see that f e P = Ua'^n^at- So 
similarly to above, we write an element [/] = / + P in the quotient space F^^^iW^) /V with 
/ G i^p%(M") as /, and also the space F^^q{W)/r as Fp%(M"). 
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Theorem 1.2. Let s G R, p G (0, oo), q G (0, oo] and J = n/ min{l, p, q}. If A = ^ 

with £ G Z+, 

(1.4) N + 1 > m£ix{s, J — n — s} and m > max{J, n + N + 1}, 

then AFp^g{M."-) = ^^^^(M") with equivalent norms. 

To prove Theorem 1.2, we use the Calderon reproducing formula in [31, 12] and the 
boundedness of almost diagonal operators on the sequence spaces corresponding to the 
Triebel-Lizorkin spaces. The almost diagonal operators were introduced by Frazicr and 
Jawerth [13] and proved to be a very powerful tool therein (see also [8]). It is perhaps 
worthwhile to point out that the proof of Theorem 1.1 does not rely on Theorem 1.2. 

Recall that M^'P{W) = F^^^{W) when p G (n/(n + 1), oo) by [30], AF^,^{W) = 
LP{W) when p G (1, oo) and Uf°oo(^") = HP{W) when p G (n/(n + 1), 1], where 
A = A^_i ^ with £ > I and m G (n + 1, oo), and HP{M.'^) is the classical real Hardy space 
(see [33, 16]). Combining these facts with Theorem 1.1, we have the following result. 

Corollary 1.2. (i) Ifp G (n/ {n+ 1), oo) and A = Aq ^ with £ G Z_|_ and m G {n+1, oo), 
then AF^^^{W') = M'^'P{W') = Fp^.2(M") with equivalent norms. 

(a) If s ^ (0, 1), p G (n/ (n + s), oo) and A = Aq ^ with £ G and m G (n + 1, oo), 
then ^Fp%(M") = M*'P(M") = F^^^{W) with equivalent norms. 

(Hi) Let A = A^_i ^ with I > 1 and m G (n + 1, oo). If p & {n/{n + 1), 1], 
then AF^^^{R") = i7P(R") = i5,2(^^") equivalent norms; if p e (1, oo), then 

AF^^^{W) = LPiW) = i^°2(l^") equivalent norms. 

Moreover, for N G Z+, s G (A^, + 1] and p G (ra/(n + N — s), oo), by Corollary 1.1, 
Theorem 1.2 and the lifting property of homogeneous Triebel-Lizorkin spaces, we have that 
M«'P(M") = F^^^iR"^) with equivalent norms when s G (iV, N + l), and M^+1'P(M") = 
Fjf^g"^!^") with equivalent norms. 

Remark 1.1. (i) In a sense, Corollary 1.2 (i) gives a grand maximal characterizations 
of Hardy-Sobolev spaces H^^p{W) = ^^^^2(1^") P ^ + 1)> 1]> «^^ere ii'i'P(R") 

is defined as the space of all f G 5'(R") suc/i f/iaf V/ G ii'P(R"). IFe point out the 
advantage of this grand maximal characterization is that it only depends on the first-order 
derivatives of test functions, which can be replaced by Lipschitz regularity (see Definition 
1.5). In fact, our approach transfers the derivatives on f to vanishing moments, size 
conditions and Lipschitz regularity of test functions. This is a key observation, which 
allows us to extend this characterization to certain metric measure spaces without any 
differential structure; see Theorems 1.3 and I.4 below. 

(ii) We point out that Auchser, Russ and Tchamitchian [3 J characterized the Hardy- 
Sobolev space Fp 2{^") 0, maximal function which is obtained by transferring the gra- 
dient on f to a size condition on the divergence of the vectors formed by certain test func- 
tions; see Theorem 6 of [3j. However, this characterization still depends on the derivatives. 

(Hi) We also point out that Cho [11] characterized Hardy-Sobolev spaces II'^'P{W^) = 
-Pp 2(^") with A; G N via a nontangential maximal function by transferring the derivatives 
on the distribution to a fixed specially chosen Schwartz function; see Theorem I of [11]. 



Koskela, Yang and Zhou 



5 



(iv) We finally remark that a continuous version of the grand Littlewood-Paley function 
(Sfegz ^^P<^Gy4 \4'2-'' with a different choice of A was used by Wilson [38] to solve 

a conjecture of R. Fefferman and E. M. Stein on the weighted boundedness of the classical 
Littlewood-Paley S-function. 

Finally, wc discuss the metric space setting. Let {X, d, fi) be a metric measure space. 
For any x ^ X and r > 0, let B{x,r) = {y & X : d{x,y) < r}. Recall that {X,d,ii) is 
called an RD-space if there exist constants < Ci < 1 < C2 and < k < n such that for 
all a; G A:", < r < 2 diam {X) and 1 < A < 2 diam {X) /r, 

(1.5) CiAV(5(a;, r)) < n{B{x, Ar)) < C2AX5(x, r)), 

where and in what follows, diam^l" = swp^ y^x d{x, y); see [21]. 

We point out that (1.5) implies the doubling property, there exists a constant Cq G 
[1, 00) such that for all x & X and r > 0, jjL{B{x,2r)) < Co^{B{x,r)), and the reverse 
doubling property: there exists a constant a G (1, 00) such that for all a; G and 
< r < diam<Y/a, iJ,{B{x, ar)) > 2iJ,{B{x, r)). For more equivalent characterizations 
of RD-spaces and the fact that each connected doubling space is an RD-space, see [40]. 

In what follows, we always assume that {X, d, n) is an RD-space. We also assume 
that niX^ = 00 in this section and in Section 4. In the remaining part of this section, let 
^(1, 2), g{x, 2-^ 1, 2), (^(1, 2))' and {g^{p, 7))' be as in Section 4. 

Definition 1.5. Let s G (0, 1], p G (0, 00) and q G (0, 00]. Let A := {Ak{x)}xex,k& 
and Ak{x) = {4> & Q{1, 2), ||</'||g(^ 1 2) — ■'■} x E: X. The homogeneous grand 

Triebel-Lizorkin space AFp^q{X) is defined to be the set of all f G (^(1, 2))' that satisfy 



^ 2'^^i sup \{f,<P)\A 



with the usual modification made when q = 00. 



< 00 

LP{X) 



Here we also point out that ||/||_4j?s (^x) ~ ^ implies that / = constant. Similarly 



P, Q 



to the above, we write the element [/] = / -|- C in the quotient space AFp^g{X)/C with 
/ G AF^ q{X) as /, and also the space AF^ g{X)/C as AF^giX). 
We have the following analog of Theorem 1.1. 

Theorem 1.3. Let s G (0, 1] and p G (n/(n + s), 00). Then M^'P{X) = AF^^^{X) with 
equivalent norms. 

The proof of Theorem 1.3 uses essentially the same ideas as those used in the proof of 
Theorem 1.1. For further characterizations of M^'^{X) when X is a doubling Riemannian 
manifold see [6]. 

We recall the definition of homogeneous Triebel-Lizorkin spaces Fp q{X) in [21]. 
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Definition 1.6. Let e G (0, 1), s G (0, e), p G (n/(n + e), oo) and q G {n/{n + e), oo]. Let 

/?, 7 G (0, e) satisfy 

(1.6) /? G (s, e) and 7 G (max{s — n/p, n{l/p — 1)+}, e). 

Let {Sk}k£Z be an approximation of the identity of order e with bounded support as in 
Definition 4-2. For k ^TL, set Dk = Sk — Sk-i- The homogeneous grand Triebel-Lizorkin 
space Fp ,j(X) is defined to be the set of all f G (^qC/^'T))' ^^^^ satisfy 

with the usual modification made when q = 00. 

As shown in [40], the definition of Fp g{X) is independent of the choices of e, /?, 7 and 
the approximation of the identity as in Definition 4.2. 

Theorem 1.4. Let all the assumptions be as in Definition 1.6. Then ^(A') = AFp q{X) 
with equivalent norms. 

To prove Theorem 1.4, we employ the discrete Calderon reproducing formula estab- 
lished in [21], which was already proved to be very useful therein. 

This paper is organized as follows. In Section 2, we present the proofs of Theorems 1.1 
and 1.2 and Corollary 1.1. In Section 3, we generalize these results to the inhomogeneous 
case; see Theorems 3.1 and 3.2 and Corollary 3.2 below. In Section 4, we present the 
proofs of Theorems 1.3 and 1.4. Finally, in Section 5, we generalize Theorems 1.3 and 1.4 
to the inhomogeneous case; see Theorems 5.1 and 5.2 below. 

We point out that Theorems 1.3, 1.4, 5.1 and 5.2 apply in a wide range of settings, 
for instance, to Ahlfors n-regular metric measure spaces (see [22]), (i-spaccs (sec [35]), Lie 
groups of the polynomial volume growth (see [36, 37, 29, 2]), the complete connected non- 
compact manifolds with a doubling measure (see [4, 5]), compact Carnot-Caratheodory 
(also called sub-Ricmannian) manifolds (see [29, 26, 27]) and to boundaries of certain 
unbounded model domains of polynomial type in appearing in the work of Nagel and 
Stein (see [28, 29, 26, 27]). 

Finally, we state some conventions. Throughout the paper, we denote by C a positive 
constant which is independent of the main parameters, but which may vary from line to 
line. Constants with subscripts, such as Cq, do not change in different occurrences. The 
symbol A< B ov B> A means that A < CB. liA<B and B < A,vfe then write A-- B. 
For any a, 6 G M, we denote min{a, 6}, max{a, 6}, and max{a, 0} by a A 6, a V 6 and a+, 
respectively. If is a subset of a metric space (Af, d), we denote by XE the characteristic 
function of E. For any locally integrable function /, we denote by -j-^f dji (or mE{f)) 
the average of / on E, namely, j-j^fd^x= / d^x. 



00 



1/9 



2'''i\Dk{fW 



< 00 
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2 Proofs of Theorems 1.1 and 1.2 and Corollary 1.1 

To prove Theorem 1.1, we need a Sobolcv embedding theorem, which for s = 1 is due 
to Hajlasz [19, Theorem 8.7], and for s G (0, 1) can be proved by a shght modification of 
the proof of [19, Theorem 8.7]. We omit the details. 

Lemma 2.1. Let s G (0, 1], p G (0, n/s) and = np/{n — sp). Then there exists a 
positive constant C such that for all u G M^'P{B{x, 2r)) and g G T>{u), 

inf / \u{y) - c\P* dy] <Cr'[l [g{y)f dy] . 

J B{x,r) J \J B{x,2r) ) 

The fohowing result follows from Lemma 2.1. We omit the details. 

Lemma 2.2. Let s G (0, 1], p G [n/{n + s), n/s) and p* = np/{n — sp). Then for each 
u G M^'P{W^), there exists a constant C such thatu — C G LP*(R"') and — C||^p, (jjn) < 

^ll'"llMs,p(]Rn); where C is a positive constant independent of u. 

Proof of Theorem 1.1. Let A = Aq ^ with £ G Z+ and m G (n + 1, oo). We first prove 
that if / G AF^^^{W^), then / G M^'^K") and [[/[[^..^(Rn) < II/IUf^. ^(r.)- 

To see this, we first assume that / is a locally intcgrablc function. Fix ip G 4S(M"') with 
compact support and ^{x) dx = 1. Notice that ip2-k *f{x) — >■ /(x) as A; ^ oo for almost 
all X G W. Then for almost all x,y e W, taking fco G Z such that 2-^=0-^ <\x-y\< 2-^\ 
we have 

\f{x) - f{y)\ < \^2-'^o * fi^) - 'P2-''o * f{y)\ 

+ Yl * fix) - 'P2-k * f{x)\ + |¥'2-'=-i * fiy) - ^2-" * f{y)\)- 

k>ko 

Write ^2-''o *f{x)- ^2-^0 *f{y) = {&''^\->^o*f{x) w\ih(t>^-'y) {z) = ^{z-2^^^[x-y])-^{z) 
and ip2-k-i * f{x) — ip2-k * f{x) = {(p2-i — </')2-fc * fix)- Notice that (p2-i — <p and (f)^^'^^ 
are fixed constant multiples of elements of Aq „i. For all x G M", set 

(2.1) 5(x) = sup2^^ sup \4>2-k * f{x)\. 

Since / G AF^^^{W) and s G (0, 1], we then have g G LP(M") and 
\fix) - fiy)\ < ^2-^0 * fix) - V'2-*=o * fiy)\ 

+ X] iW2-k* fix)\ + \^2-k* fiy)\) 

k>ko , m 

< '^-"naix) + giy)] <\x- yngix) + g{y)]. 

k'>ko 

Thus, / G M^'P{R-) and ||/||M.,P(Mn) < ^(Rn). 
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Generally, if / G AFp^rxii^^) o^^Y known to be an element in S'{M.") at first, then 
show that we may identify / with a locally integrable function / in <S'(M"). Indeed, let (p 
be as above. Notice that for all x G M", A; G Z and i G N, 

i-l 

(2.2) \cp2-k * f{x) - (p2-(k+i) * f{x)\ < 1^2-"-^ * fix) - ^2-"-^-^ * f{x)\ < "^'^'gix). 

j=0 

If p G (1, oo), then {f2-i^ * f ~ V'2-('=+») * /lieN is a Cauchy sequence in L^'(R"), which 
together with the completeness of I^(M") implies that there exists an /j. G Z^(R"') such 
that ip2-k * f — ^2-(k+i) *f^fk^T^ LP{W^) and thus almost everywhere as i — oo. Observe 
that for any k, k' G Z, we have 

fk = lim [^2-k * / - V2-k-i * /] 

I— ►oo 

= [V2-k * / - ¥'2-*' * /] + lim [^2-k' * / - ^2-k-i * /] 

2— >00 

= ['^2-'= * / - V^2-''' * /] + fk' 

in L^'(M"') and almost everywhere. Set f = ^ * f — fo- Then / G Ljjj|,(M"') and / = 
ip2-k * f — fk almost everywhere. Since {ip2-k * f}k£Z is a sequence of continuous functions 
that converges to / in 5'(R"') as A; ^ co (see, for example. Lemma 3.8 of [7]), then for any 
i/j G S{W), we have 



/ 



f{x)ip{x) dx = / (p * f{x)ip{x) dx — Mm / [(p * f{x) — (f2-^ * fix)]ip{x) dx 

i—^OO Imn 



= lim / ip2-i * f{x)il){x) dx = (/, ip), 



which implies that / coincides with / in 5'(M"). Now we identify / with the locally 
integrable function / in <S'(M"). Therefore, by the above proof, / G M*'^(M") and 
II/IIm''.p(R") ~ II/IUfp=_^(R") ~ II/IUf-^(R")- tills sense, we have that / G M^'P{W) 
and 



Now assume that p G (n/(n + s), 1]. For any x, y E M", let fco G Z such that 2~'^o"-^ < 
\x-y\< 2-'=°. If > ko, then 

\(P2-k * f{x) - (p2-k * f{y)\ < \(p2-k * /(x) - (p2-ko * f{x)\ + \(p2-k * f{y) - (p2-ko * f{y)\ 

+IV'2-'=o * fix) - V2-''o * fiy)\ 
^ \x - yl'igix) + giy)], 

where is as in (2.1). If A; < ko, then 2''\x-y\<l and 

\iP2-k * fix) - ip2-k * fiy)\ =2''\x- y\W'^)2-k * /(x)| < |x - ^^^(x) + ^(y)], 

where is as in (2.1) and for all z G M"", 

0-'^(z) = 2-^|a; - y|-^b(^) - ^iz - 2^(x - y))]. 
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Thus, (p2-k*f G M^'PiW") and Hfy^s-fc * /l|^»,P(Rn) < ll/lUg ^f^^ ^(R") uniformly inkeZ. 
By Lemma 2.2, for each k E Z, there exists a constant Ck such, that ip2-k * f — Ck £ 
L^*(]R") with uniform bounded norms. By the weak compactness property of L^*(R"), 
there exists a subsequence which we stiU denote by the fuh sequence such that (p2-k * 
1^ — Ck converges weakly in L^'iW^) and thus almost everywhere to a certain function 
/ G Lf*(M"). Moreover, for all k, k' G Z, since ip2-k * / - ip^-k' * / ^ (see (2.2)) 

and (p2-k * f - ip2-k' * / + (C{. - Ck) G LP*(W^), we know that C'^ = Ck- This, together 
with the fact that ip2-k * f ^ f G 5'(]R") as k ^ oo, implies that / coincides with f + Cq 
in (S'(M") and hence with / in (S'(M")/C. Now, we identify / with the locally integrable 
function /. As in the case p G (1, oo), in this case, we also have that / G M^'P{W^) and 
< 



Now we show that if / G M^'*'(M"), then / G AF^^^iW) and \\f\\^ps 



< 



Let (p e „(R") and g G V{f). Then for all G Z and ^ > 0, by Lemma 2.1, we 
have that / G L\^^ (W) and 



/ 



B(x,2-*+') 



J B{x,2-l') 



dy 



J B{x,2-k+j) 



f{y) - j 



3=0 •' 

< 2-^'2'' [m (x) 



B(i;,2-*+3) 



/(^)ciz 



(n+s)/n 



B{x,2-k+o) 



[g{y)] 



n/{n+s) 



dy 



{n+s)/n 



From this, m>n + l>n + s and 4>{x) dx = 0, it follows that for all k E Z and x G X, 



(2.3) 102-^ * fix) 



/ ^2-'=(a;-y) /(y) - / 

JX J B(x,2-k) 



fiz) dz 



< 



^2-(™-")^/ /(y)-/ 



B{x,2-'') 



dy 
f{z)dz 



dy 



(n+s)/n 



which together with the LP("'+*)/'^-boundedness of M implies that if p G (n/(n + s),oo), 
then 



sup sup 2'=^|^2-*^ * (/)l 



< 



LP{X) 



{n+s)/n 



< 



LP{X) 



\9\\lp{X)- 



10 



A Characterization of Hajlasz-Sobolev and Triebel-Lizorkin Spaces 



Moreover, without loss of generality, we may assume that M{g'^/^"''^^^){0) < oo. Then for 
any i/; G (S(R"'), by an argument similar to that of (2.3), we have that 



I f{x)i^{x)dx <\mL^^;,U \f{z)\dz+ [ f{x)--f f{z)dz 

JX J S(0, 1) ^R" J -5(0,1) 



5(0, 1) 



(a;)| dx 



/ \f{z)\dz + ||V|Uo,.(M")[M(5"/("+^))(0)]("+^)/" 

J B(0, 11 



<IIV'IIl 

" 5(0,1) 
^^^(/)ll^ll5o,^(M"), 



which implies that / G S'{W). Thus, / G AF^ ,^{W) and ||/||_4j^. 
which completes the proof of Theorem 1.1. 

To prove Theorem 1.2, we need the following estimate. 



< 



M».P(R»)' 
□ 



Lemma 2.3. Let N G 1,+ U {—1} and m G {n + N + 1, oo). Then there exists a positive 
constant C such that for all a; G M" and i, j with i> j, G (Siv(M"') and ijj G (S(R"'), 



*V'2-.(^)l<C||'/'ll5^.+,,, 



2-(i-j)(iV+i)2jn^^^2^>| 



Proof. Without loss of generality, we may assume that \\4>\\sN+i,m(^'') = \\'^\\SN+i,m.(M"} 
1. For simplicty, we only consider the case N > 0. li j = 0, then by G (SAr(M") and the 
Taylor formula, we have 



b2-i *tp{x)\ = 



q|<JV 



< 



J\y\<(l+\x\)/2 , 



/ 

J\y 

i 



>(l+|x|)/2 



\a\=N+l 

\(t>2-i{y)'^{x-y)\dy 



|y|>(l+l=^l)/2 



\<t>2Ay)\ E bl'"'|5Xx)|dy = /i + i2 + i3, 



|a|<7V 



where 6 G [0, 1]. If |y| < (1 + |a;|)/2, then for any 6 G [0, 1], we have that 1 + |x| < 
l + \x — dy\ + \y\ and hence, 1 + |x| < 2(1 + \x — Oy\). By this and m G (n + iV + 1, oo), 
we obtain 



h< j 



2m|y|Ar+l 



<(i+N)/2 (l + 2^|y|)-(l + |x-%|)^ 

lin I r)i \N+1 



■dy 



<2-i(JV+i) t / ^ l^^l dt/ < 2-'(^+^Vl + 

{i + \x\rkn (i + 2'|y|)'" ^ 
For I2 and Is, we also have 
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and 

/■ nin -1 

'~4,>(i+|,|)/2(l + 2^l2/|)™'^' (l + |x|)- ^ ' 

For j ^ 0, we obtain 

\(t>2-i * V'WI = 2^"|</.2-(i-,) * ^{2^x)\ < 2-N-^1(^+i)2^-"(l + 2^>|)— , 
which completes the proof of Lemma 2.3. □ 
Now we turn to the proof of Theorem 1.2. 

Proof of Theorem 1.2. Let A = A^j^ „ with I € Z+, and m satisfying (1.4). Obviously, 
^Fp%(M") is continuously imbedded into F^^q{W). We now prove that if / G F^* ^(M"), 
then / G AF^^^{W^) and ^(^n) < WfWp^ ^(K^)- This proof is similar to the proof 

that the definition of F^^g(M") is independent of the choice of ip satisfying (1.3), but a bit 
more complicated. In fact, we need to use the boundedness of almost diagonal operators 
in sequences spaces. For reader's convenience, we sketch the argument. 

Recall that there exists a function G 5(M") satisfying the same conditions as 99 such 
that Efeez ^(2"''0V'(2"''0 = 1 for ah ^ G \ {0}; see [14, Lemma (6.9)]. Then the 
Calderon reproducing formula says that for all / G <S'(M"), there exist polynomials Pf 
and {PijigN depending on / such that for all a; G M'*, 

(2.4) f{x) + Pf{x) = . hm V2-i * ^2-.- * fix) + Pi{x) \ , 

where the series converges in 5'(M"); see, for example, [31, 12]. When / G ^(M"'), it 
is known that the degrees of the polynomials {PjjjgN here are no more than [s — n/p\; 
see [13, pp. 153-155], and also [31, p. 53] and [34, pp. 17-18]. Recall that [aj for a G M 
denotes the maximal integer no more than a. Moreover, as shown in [13, pp. 153-155], 
f + Pf is the canonical representative of / in the sense that if 99*^*^ ip^"^^ satisfy (1.3) and 

EfcGzJ^(2"''OV^(2"''0 = 1 foi- all C e IR" \ {0} for i = 1, 2, then pj.^' - pf^ is a 
polynomial of degree no more than [s — n/p\, where P^*^ is as in (2.4) corresponding to 
^/;(*) for z = 1, 2. So in this sense, we identify / with / = / + Py. 
Let ip{x) = ip{—x) for all x G M". Denote by Q the collection of the dyadic cubes 
on R". For any dyadic cube Q = 2~^k + 2^^[0, 1]" G Q with certain k G Z", we set 
XQ = 2^^k, denote by i{Q) = the side length of Q and write (Pq{x) = 2^^/'^ip{2^ x — k) = 
2-J"/2^2-i (x — xq) for all x G M". It is known that for all x G M", 



(2.5) 



(p^-j * V2-^- * fix) = ^ if, (pQ)lpQix) 
£{Q)=2-j 



12 



A Characterization of Hajlasz-Sobolev and Triebel-Lizorkin Spaces 



in (S'(M") and pointwise; see [12, 14] and also [8, Lemma 2.8]. Notice also that N +1 > s 
implies that > [s-n/p\. Then for all / G F^,j{W), (f) G Sn{W) with N >[s-n/p\, 
z G Z and a; G R", by (2.4) and (2.5), we have 

QeQ QeQ 
where = (/, ^q), and by [13, Theorem 2.2] or [14, Theorem (6.16)], 



(2-6) ll/llF.^(Mn) ~ II {^QlQeQ 11/.^ ^(Rn) = 



1/9 



LP(M") 



Moreover, by Lemma 2.3, for all i? G Q with i{R) = 2 * and x E R, we have 

I^qI 



(l + 2^^i|x-XQ|)^ 



j&l{Q)=2-o 



\tQ\ 



(l + 2^^i|xij-XQ| 



-1/2 



For i?, Q G Q with £(i?) = and ^(Q) = 2-^, setting 



by (1.4), we have 



O-RQ 



< 





s - 







max{£(i?), £(Q)}_ 



-J-e 



mm 



m 



for certain e > 0. Thus {aRQ}R^ q^q forms an almost diagonal operator on ^(R"'), which 
is known to be bounded on /^^^(M"); see [13, Theorem 3.3] and also [14, Theorem (6.20)]. 
Therefore, by (2.6), we have 











< 




|^|-Vn-l/2 j ^ 






mo. 







LP(M") 



< 



which completes the proof of Theorem 1.2. 



□ 



To prove Corollary 1.1, we need to establish a lifting property of .4Fp g(M"'), which 
heavily depends on the following result. 
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Lemma 2.4. Let N G (f G <Sjv(M") anc? 1 < A; < AT + 1. Then there exist functions 
Wa}a&i, \a\=k C 5Ar_fe(M") SMc/i that = Y.\a\=k moreover, for any £ G Z+, there 

exists a positive constant C , depending on N, k, i and m, but not on (p and cpa, such that 

(2-7) Yl ll*^"!! 

\a\=k 

Proof. We begin by proving Lemma 2.4 for k = I. We point out that when = 0, this 
proof is essentially given by [30, Lemma 6] and [1, Lemma 3.29] except for checking the 
estimate (2.7). Now assume N > 0. We decompose (f by using the idea appearing in the 
proof of [30, Lemma 6] and then verify (2.7). 

Let (f € Sn{W^). We apply induction on n. For n = 1, set tp^x) = ^{u) dy for all 
X G M. Then (p{x) = ^V'(^) for x G M. Moreover, for any < j < A'' — 1, by integration 
by parts, we have J^tl){x)x^ dx = —j^ /r'^(^)^"'^^ dx = 0, which means tjj G Sn-i 
Moreover, for all x G M, since ip G Sn '~ 



and for all 1 < J < AT + ^ + 1, 



<II^IIWi,.(M)(l + kl)-^"^-'^- 



dp_-^ 

dxj- 

Thus Lemma 2.4 holds for n = 1. 

Suppose that Lemma 2.4 holds true for a fixed n > 1. Let ip G 5Ar(M"^^). Without 
loss of generality, wc may assume that Hv'llsjv+^+i ,„(R"+^) ~ ^- ^ M"^"^, wc write 

X = {x', Xn+i) and define h(x') = J^ip(x', u)du, where x' = (xi, ••• , Xn) G M". Then 
h G SnO^"-)- Moreover, for all x' G M" and a' G Z% with ja'j < AT + ^ + 1, we have 



\d^'h{x')\< [ — , ,j , „ du< 



(jl + jx'l)"^-!' 

which implies that H^jjsjv+^+i m-i(iK") ~ 1- induction hypothesis, we write h{x') = 
5^r=i mi^ii^') with hi e 5Ar^i(M") and ll^ijjs^+^+i (E") < 1 for i = 1, • • • , n. Let 
a G S(R) be fixed and J^a{u) du = 1. For all x G M"+\ set (^„+i(x) = /f^M'^(^'> u) - 
a{u)h{x')]du and ipi{x) = a{xn+i)hi{x') with i = 1, • • • , n. Then ipi G 5Ar_i(M"^"'"^) for 
i = 1, • • • , n. For any £ < A^ — 1 and \a\ < i with a = (a', On+i) G Z"^^, by integration 
by parts again, we have 



/ 



71 + 1 



(Pn+i{x)x" dx = / / / ip{x', u){x')'^ x'^'^i^ dudxn+idx' 
= ^-—r [ ^{x){x'f xT+Y+' dx = 0. 



For any a G I/^^, for i = 1, • ■ ■ , n, we have 

\h. 
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which impHes that Hv'ilUjv+fi+i.m-n-iCK^+i) ~ 1- G Z!J:+^ with |a| < iV + £ + 1, if 

an+i + 0, then by ||^||5^+,+i,_i(Kn) < 1, we have that |5«<^n+i(x)| < (1 + 

for all X € M"; if cin+i = 0) then by J"j[j[^(a;', u) — a('u)/t(a;')] du = 0, we have that for all 

X e M", 



l^^"«<^*l ~ L, (i + M + «r ^ (1 + 1.1)"-" i„., (TTF^ 



I 1^1 -r \x- 1 1^1 ^ \x- 1 j- J\:cn+i\ K'- ^ 

Thus, ll'/'n+i ^_„_i(R"+i) ^ 1) which completes the proof of Lemma 2.4. □ 



Lemma 2.5. For any N , i e "L^ and m, m' G {n + N + 2, oo), A% „^,F^+^{W) = 
Alf^^F^+^{W) with equivalent norms. 

Proof. It suffices to prove that if / € A^^^F^+^W), then / G A%^^,F^+\R'') and 
1 1 -^11 .4° /-Fp^i^iR") ~ 11-^11^^ F^i.^iR")' Without loss of generality, we may assume that 
m > m! . To this end, fix G <S(M") such that "^{x) dx = 1. Obviously, for any a G 
with \a\=N + l, if 13 £ Z^, < iV + 1 and /? 7^ a, then d'^'4;{x)x^ = 0; if a = /3, 
then d°''tp{x)x°' dx = (-1)^+1. For any G -4^^^/, let 

(2.8) = (/.-(-l)^+^ V ([ (l){x)x'' dx] d'^ip. 

i,,i=^+i v^M" y 

Then^ G 5Ar+i(M"'). Moreover, for \a\ = N+1, since (j) G .A^ ^, withm' G (n+Af+2, 00), 
we have 



/ \(P(x)x''\dx< / ,J^, „ , dx<l, 



which implies that ^ is a fixed constant multiple of an element of A^p^^^ ^, . Notice that 
{d'^ip}\a\=N+i are also fixed constant multiples of elements of A%^ ^. Then, by (2.8), we 



have 



sup \4>2-k * f{x)\ < sup |</>2-* * /(a;)| + sup \(p2-'' * fix)\, 



which implies that ll/IU^_^,F^^+i(Mn) < ll/IUl,_<+i(R") + \\fh%^^^^,F^^+\Rr.y By The- 
orem 1.2 together with m' G {n + N + 2, 00), we have that ||/||_40 F^+i(Mn) ~ 
\\f\\F,^t}(R«) ^ ll/IU^^_^F,^+i(it")'^hich yields that ll/IUo^^^,j^^^+i(Mn) < II/|U,^f,^+1(M")- 
This finishes the proof of Lemma 2.5. □ 

Proof of Corollary 1.1. First, let / G M*'?'(]R"). Then by Theorem 1.1, for any £ G Z+ 

and m G ((n + 2)Ar + 1, 00), and all a £ Tl with |a| = N, f G M^-^'f (R") = 
•^o.m-nJV-^P,^!^")- Moreover, for any ^ G .4^ by Lemma 2.4, there exist {^a}|a|=JV 
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and a positive constant C independent of (f> such that {■^(pa}\a\=N C rn-nN ^^"^ ^ — 
Yl\a\=N^°'^of This imphes that for all x G M", 

</'2-^ * fix) = Yl (5"<^a)2-^ * fix) = 2'=^(-l)^ Yl (^-)2-^ * (^"/)(^)' 
\a\=N \a\=N 

and thus, 

sup * fix)\ < 2'=^ sup sup |</>2-. * 

Prom this and 5"/ G ^^_^_„;^F/^^(M") for all a G Z!f. with \a\ = N together with 
Theorem 1.1, it follows that / G A^^^F^^iW) and 

\a\=N ' \a\=N 

On the other hand, let / G Let ^ > iV and m G (n + iV + 1, oo). 

Observe that for any ^ e A^q^^ and a G Z!J: with \a\ = N, G Thus for ah 

G Z, 

sup \4>2-k*id^f)\< sup 2'=^|<^2-^ *(/)!, 

which implies that {5°/}|„|=jv C ^7^^p,^(M") = M^-^'?'(R") and thus, / G M^'P(R") 
and 

|a|=Ar \a\=N 

Finally, combining the above results with Lemma 2.5 and Theorem 1.2, for all i G Z+ 

and m G (n + + 2, oo) when s = A^+lormG(n + A^+l, oo) when s G (N, N + 1), 
we have that M'*'J'(M") = A^j^^^F^^^iM.''). This finishes the proof of Corollary 1.1. □ 



3 Inhomogeneous versions of Theorems 1.1 and 1.2 

We first recall the definitions of inhomogeneous Triebel-Lizorkin spaces; see [34] . 

Definition 3.1. Let s G M, p G (0, oo) and q G (0, oo]. Let (p G <S(M") satisfy (1.3) and 
$ G S{W) be such that supp$ C B{0, 2) anc? |^>(^)| > constant > for all \(\ < 5/3. 
The inhomogeneous Triebel-Lizorkin space Fp^g(M") is defined as the collection of all f G 
S'iW-) such that 

ll/llFp»_g(K") = 11^ * /IIlp(R") + 

with the usual modification made when q = oo. 



J2^''''>\^2-'' * ff 



1/9 



< OO 
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Recall that the local Hardy space hP{W) of Goldberg is just F^ ^i'^'') (see [34, Theorem 
2.5.8/1]). A variant of inhomogeneous Hajlasz-Sobolev spaces is defined as follows. 



such that 

M«.p(M")- 



Definition 3.2. Let p € (0, co) and s G (0,1]. The inhomogeneous fractional Hajlasz- 
Sobolev space M*'P(R") is the set of all measurable functions / G -^^oc (^ 
/ G M-'f(M") and / G hP{R^). Moreover, define |1/|1m=.p(R") = !l/lkp(M«) + 

Now we introduce the inhomogeneous grand Triebel-Lizorkin spaces. 

Definition 3.3. Let s e R, p e (0, oo) and q G (0, oo]. Let A = „j with I G Z+, 
A'' G Z_|_U{— 1} andm G (0, oo) he a class of test functions as in (1.2). The inhomogeneous 
grand Triebel-Lizorkin space .AF^ ^(M") is defined as the collection of all f G (S'(M") such 



that 



sup 



•*f\ 



LP{R"-) 




1/y 



sup \(p2- 



-k*f\' 



< oo 



with the usual modification made when q = oo. 



Moreover, similarly to Theorems 1.1 and 1.2 and Corollary 1.1, we have the following 
results. 

Theorem 3.1. Let all the assumptions be the same as in Theorem 1.2. Then ^(M"') = 
Fp^^(W^) with equivalent norms. 

The proof of Theorem 3.1 is similar to that of Theorem 1.2. In fact, since the inho- 
mogeneous Calderon reproducing formula is available (see [13, p. 131]), then by using the 
argument of Theorem 1.2 and the estimates in Lemma 2.3, we have Theorem 3.1. Here 
we omit the details. 

Theorem 3.2. Let s G (0, 1], p G (n/(n -|- s), oo), I G Z+ and m G (n -|- 1, oo). Then 
M^'P{W) = Ai^^Fl^{W) with equivalent norms. 

Proof. The proof of Theorem 3.2 is similar to that of Theorem 1.1 and much easier. In fact, 
if / G M'^'P(M"), then / G M^'P(M") by Definition 3.1 and thus / G yl^ „Fp%(M"). Notice 
that II sup^g^l^^^ 10 * /III < ||/||hp(M") (see [15]). Then we know that / e A^^F^^^iW^) 
and ||/IU<_^i75_^{R") ^ II/IIm«.p(K")- 

Conversely, assume that f ^ m^p,oo(I^")- Obviously, by hP{W') = F^^ ^{W'), we 
know that / G /^^(R") and \\f\\hv(w^) ~ ,(R«) < ll/IU^,^<2(i^")- ^ 
with compact support and /jg„ ^{x) dx = 1. For any A; G N, if |x — y| < 1, by an argument 
similar to that for Theorem 1.1, we then know that 

\(P2-k * f{x) - (p2-k * fiy)\ < \x 

k>o 4>eAi 

If [x — y| > 1, then, obviously. 



y|'sup2^" sup (|</>2-fc */(x)| + |(^2-fc */(y)l)- 



\(P2-k * f{x) - (p2-k * fiy)\ <\x- y\' 



sup (|^/>2-fc */(x)| |02-fc */(y)l)- 

hi 

1, m 



4>eA'+' 
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So (p2-k * f e M^'P{W-) and \\(p2-k * f\\Ms,p^^n) < ^ps^^^^ny Then similarly to 

the proof of Theorem 1.1, we can prove that / G L^^^^, (R") and \\1p2-k * f\\Ma,p(^^n^ ^ 

ll/IU^O,^F,^,,(R")-ThuS, 

which completes the proof of Theorem 1.3. □ 

Corollary 3.1. Let s € (0, 1], p € (n/(n + s), oo), £ G Z+ and m G (n + 1, 00). 

Ifs = l, then Ai^^Fl^{W) = M^'P{W) = F^^i'^'') with equivalent norms, 
(ii) Ifse (0, 1), then „,Fp%(M") = M^'P{W) = F^^^{W) with equivalent norms. 

Define the inhomogeneous Hajlasz-Sobolev spaces M*'^(M") of higher orders as in 
Definition 1.3 by replacing M^-^'P(R") with M*-^'P(R"). Then we have the following 
inhomogeneous version of Corollary 1.1. We omit the details of its proof. 

Corollary 3.2. Let N G Z+, s G {N, N+1] andp G (n/(n+s-iV), 00). If A = A%„^ with 
£ G Z+ and m G {n+N+2, 00) when s = N+1 orm^ (n+N+l, 00) when s G {N, N+1), 
then M^'P(R") = ^Fp^^^(R") with equivalent norms. Moreover, M"'P(R") = Fp^_^(R") 
when se{N, N + l) and M^+i'?'(R") = F^+^iR"") with equivalent norms. 

Remark 3.1. Notice that when p G (1, 00), hP{W^) = LP(R"), and when p G (0, 1], 
hP{W^) C LP(R"). Another way to define the inhomogeneous Hajlasz-Sobolev space denoted 
by M^'P(W^) is to replace \\f\\hp{R") by ||/||lp(m«) in the Definition 3.1. Recall that it 
was proved in [30] that M^'P{W) = F^ ^i^"") ^ FP{W) for p G (n/(n + 1), 00). An 

argument similar to that used in the proof of Theorem 3.2 can show that M*'P(R"') = 
AQ^„^Fp^^{W')ir}LP{W') forp G (n/(n+s), 00) and s G (0, 1]. Similar results for Corollary 
3.2 also hold true. We omit the details. 

4 Proofs of Theorems 1.3 and 1.4 

The following spaces of test functions play a key role in the theory of function spaces 
on RD-spaces; see [21]. In what follows, for any x, y & X and r > 0, set V{x,y) = 
IJ,{B {x , d{x , y))) and Vr{x) = iJ,{B{x,r)). It is easy to see that V{x,y) ~ V{y,x) for all 
X, y E X. 

Definition 4.1. Let xi E X, r ^ (0, 00), /? G (0, 1] and 7 G (0, 00). A function (p on X is 
said to be in the space Q {xi , r, /?, 7) if there exists a nonnegative constant C such that 

(i) \ip{x)\ < Cy^^^J^y^ ^ e 

(ii) \ip{x)-^{y)\ < C [ 4d(xlx) ) Vr{x,)lv{x^,x) [ r+d{x,,x) ) V Mx, y^X satisfying 
that d{x,y) < {r + d{xi,x))/2. 

Moreover, for any ip G 0{xi,r, its norm is defined by \\v\\g{xi,r,p,'y) = inf{C : 

(i) and (ii) hold}. 
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Throughout the whole paper, we fix xi G and let G{P,j) = Q{xi,l, Then 
7) is a Banach space. We also let Q{P,'y) = {/ € 7) : /(x) cZ/x(a;) = 0} . De- 
note by (t/(/3,7))' and (^(/3,7))' the dual spaces of Q{P,j) and GiP,j), respectively. Ob- 
viously, (^(/3,7))' = (^(/?,7))7C. 

For any given e G (0,1], let GoiP,j) be the completion of the set G{e,e) in the space 
G{i3,j) when/3, 7 G (0,e]. Obviously, G^{e,e) = G{e,e). If G G^{P,l), define ||<^|bg(/3,^) = 
ll'^lb(/3,7)- Obviously, Go{P,j) is a Banach space. The space Gq{i3,j) is defined to be 
the completion of the space t?(e,e) in 7) when /?, 7 G (0, e]. Let (^q(/3, 7))' and 
(^o(/^'7))' dual space of GoiPjl) and ^o(/^'7)' respectively. Also we have that 

{G'oiP, 7))' = (GoW, 7))7C. 

Remark 4.1. Because {G'o{/3, 7))' = (^6(/9> 7))7C, i/we replace 7))' with {G'oiP, 7))7C 

or (^o(/^' 7))' Definition 1.6, then we obtain a new Triebel-Lizorkin space which, modulo 
constants, is equivalent to the original Triebel-Lizorkin space. So we can replace {GoiP, 7))' 
with {Gq{P, j)y/C or {GoiP, 7))' in the Definition 1.6 if need be, in what follows. 

Now wc recall the notion of approximations of the identity on RD-spaces, which were 
first introduced in [21]. 

Definition 4.2. Let e\ G (0,1]. A sequence {Sk}k<^'L of bounded linear integral operators 
on L'^{X) is called an approximation of the identity of order ei (for short, ei- AOTI ) with 
bounded support, if there exist constants C3, C4 > such that for all k & Z and all x, x' , 
y and y' G X , Sk{x, y), the integral kernel of Sk is a measurable function from X x X into 
C satisfying 

(i) Sk{x,y) = ifd{x,y) > Cil'^ and \Sk{x,y)\ < C3 v^_^(a:)+v^-k{y) ' 

(ii) \Sk{x,y)-Sk{x',y)\<C32^'^[d{x,x')Y^ 

V2-k{x)+v^-k{y) ford{x,x') < max{C4, 1}2^ ; 
( Hi ) Property (ii) holds with x and y interchanged; 

(iv) \[Sk{x,y)-Sk{x,y')]-[Sk{x\y)-Sk{x\y')]\ < ^322'=^! fe^gii^^ /or d(x,x') < 

max{C4, l}2i-^ and d{y,y') < max{C4, l}2^-'=; 

(v) J^Sk{x,y)dn{y) = 1 = Sk{x,y) dn{x). 

It was proved in [21, Theorem 2.6] that there always exists a 1-AOTI with bounded 
support on an RD-space. 

To prove Theorem 1.3, we need a Sobolev embedding theorem, which for s = 1 is due 
to Hajlasz [19, Theorem 8.7], and for s G (0, 1) can be proved by a slight modification of 
the proof of [19, Theorem 8.7]. We omit the details. 

Lemma 4.1. Let s G (0,1], p G (0,n/s) and p* = np/{n — sp). Then there exists a 
positive constant C such that for all u G M'^'P{X), g G D{u) and all balls Bq with radius 
ro, u E LP (Bq) and 

By Lemma 4.1, we have the following version of Lemma 2.2. 
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Lemma 4.2. Let s G (0, 1], p G [n/(n + s), n/s) and p* = np/{n — sp). Then for each 
u G M^''P{X), there exists constant C such that u — C E U'*{X) and \\u — C\\lp»(^x) ^ 
CII 

^llMs.p(Af)' where C is a positive constant independent of u and C. 

With the aid of Lemmas 4.1 and 4.2, we can prove Theorem 1.3 by following the ideas 
used in the proof of Theorem 1.1. For reader's convenience, we sketch the argument. 

Proof of Theorem 1.3. We first prove that if / G AF^ ,^{X), then / G M^'P{X) and 
II/IIm=>p(A') ^ II/II.4F- ^(AT)- Let {Sk}k&z be a 1-AOTI with bounded support. If / is a 
locally intcgrable function, using Skif) to replace ip2-k * f and following the procedure as 
in the proof of Theorem 1.1, we know that / G M*'P(A') and 

5(0 = sup sup 2^%f,4>)\eLP{X) 

and \\f\\Ms,p(^x) ~ WfWAF^ ^{xy If / ^ -^Fp,oo{^) is only known to be an element in 
(t/(l, 2))', we may also identify / with a locally intcgrable function / in {Q{1, 2))' and 
II/IIm3.p(A') ^ ll/II^Fs (^x) using Lemma 4.2 and an argument used in that of Theorem 
1.1. In this sense, wc have that / G M'*'P(A') and \\f\\Ms,p(x) ^ H/IUm^-pCA-)- 

Conversely, let / G M''P{X). Choose g G V{f) such that \\g\\Lvix) < ^f\\M^,P(xy 
Then for all x G A:", A; G Z and (f> G Ak{x), similarly to the proof of (2.3) and using Lemma 
4.1, we have that 



\{f, 0)1 < 2-^^ [m (x) 



{n+s)/n 



which together with the i7'("+*)/"(A')-boundedness of M implies that ||/||_4^3 (^x) ~ 
for all p G (n/(n + s), oo). Moreover, without loss of generality, we may as- 
sume that M (5f"/('^+«)) (xi) < oo. Then for all ip G Q{1, 2), letting a := J.^ tp{y) dfi{y), 
by Lemma 4.2 and an argument similar to the proof of (2.3), we have that / G L\^^ (X) 
and 



f{x)ip{x)dn{x] 

X 



X 



f{x)[il;{x) - aSo{xi, x)] diJ.{x) 



+ H|5o(/)(xi)| 



< U\Wix) / \f{z)\dui{z) + ||V'lb(i,2)[M(5"/("+^))]^+^/"(xi) 

J B(0, 2C4) 



< 



CUm\g(i,2y 



which implies that / G (^(1, 2))'. Thus / G AF^,^{X) and WfWji^ps^^^x) ~ lU \\M'>,vi^xy 
which completes the proof of Theorem 1.3. □ 

Remark 4.2. By the above proof, if we replace the space ^(1, 2) of test functions by 
Q{P, 7) with j3 G [s, 1] and J G (s, 00) in Definition 1.5, then Theorem 1.3 still holds true. 
Thus the definition of the space AFp ,^{X) is independent of the choice of the space of test 
functions Q{(5, 7) with (3 G [s, 1] and 7 G (s, 00). 
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To prove Theorem 1.4, we need the following homogeneous Calderon reproducing for- 
mula established in [21]. We first recall the following construction given by Christ in [10], 
which provides an analogue of the set of Euclidean dyadic cubes on spaces of homogeneous 
type. 

Lemma 4.3. Let X be a space of homogeneous type. Then there exists a collection {Q^ C 
X : k G Z, a € 1^} of open subsets, where 1^ is some index set, and constants S G (0, 1) 
and Cs, Ce > such that 
(i) n{X \ l^aQi) = for each fixed k and Q^^f^Q^p = ^ if a ^ (3; 
(a) for any a, /3, k, £ with £> k, either Qp C Q'^ or Q^pr\Q^ = 0; 
(Hi) for each {k,a) and each £ < k, there exists a unique (3 such that C Q^; 

(iv) diam (Q^) < C5(5^• 

(v) each contains some ball B{z^,CqS'^), where G X. 

In fact, we can think of as being a dyadic cube with diameter roughly and 
centered at z^. In what follows, to simplify our presentation, we always suppose that 
5 = 1/2; otherwise, we need to replace 2^^^' in the definition of approximations to the 
identity by 5^ and some other changes are also necessary; see [21] for more details. 

In the following, for A; G Z and r G Ik, we denote by Qt''^ , ly = I, 2, • • • , N{k, r), the 
set of all cubes Q^/^"' C Q^, where is the dyadic cube as in Lemma 4.3 and j is a fixed 
positive large integer such that 2~^C5 < 1/3. Denote by Zr'" the "center" of Qr'" as in 
Lemma 4.3 and by yr'^ a point in Qr''^ . 

Lemma 4.4. Let e G (0, 1) and {Sk}kez be a AOTI with bounded support. For k € Z, 
set Dk := Sk — Sk-i- Then, for any fixed j G N large enough, there exists a family 
{Dk}kez of linear operators such that for any fixed y^'^ G Qr'^ with k G Z, t G Ik and 
V = !,■■■ ,N{k,T), xeX, and all f G {Qq{(5,i))' with P, e (0, e), 

OO N{k,T) 

m= E E E ^^{Q'rnDk{x,y'rnDk{fMn, 

where the series converge in (^o(/^' 7))'- Moreover, for any e' G (e, 1), there exists a positive 
constant C, depending on e' , such that the kernels, denoted by Dk{x,y), of the operators 
Dk satisfy 

(i) for all X, y eX, \Dk{x,y)\ < 

(a) for all x, x', y e X with d{x, x') < {2~^ + d{x, y))/2, 

2-k + d{x,y) 

(Hi) for all k e Z, Dk{x, y) dix{y) = = J^^^, Dk{x, y) djiix). 



2-''+d{x,y) 



\Dk{x,y)-Dk{x',y)\<C 



d{x, X 



2-k + d{x,y) 



V^-k{x) + V{x,y) 
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Proof of Theorem I4. li f e AF^ q{X), by Remark 4.2 and the fact that AF^^iX) C 
AF^^^{X), we know that / G 7))' with (3 G (s, 1) and 7 G (s, 00) and thus, 

/ e Fp%(^) and < \\f\\AFi^{x)- Conversely, assume that / G F^,q{X). By 

Lemma 4.4, for all x G A", £ G Z and ^ G ^^(x), we have 

k=-ooTeik ^^=1 
where we fix y^''' G Qr'*" such that 

(4.1) pfc(/)(y^'^)|<2 inf |Z)fc(/)(z)|. 

Recall that depends on the choice of ?/t'^ and thus on /, but they do have uniform 

estimates as in Lemma 4.4, which is enough for us. In fact, by these estimates and 
(p £ Gq{P, 7), we further know that for any fixed /?' G (s, /3) and 7' G {s, 7) satisfying 
(1.6), 



Dk{z,y'',n^{z)dii{z) 



X 



< 2-|fe-^l/3'. 



2-{kM.) 



see [21] for a detailed proof. Thus, choosing an r G (n/(ri + [/?' A7']), min{p, q}), by (4.1), 
we have 



00 N{k,T) /r\k,v-s\T^ / f\/ k,p-s 



^ F2-(fcA0 (.t) + V{x, yr'") 
N{k,T) 



k=—oo 



relk 



-(kAtj 



1/r 



fe= — 00 

00 



< ^ 2-l'=-^l'5'2[('=^^)-'=l-(l-V-)[M(|i^fe(/)r)(x)]^/^ 

fe= — CX) 

This implies that 



2(i-k)sq I ^ 2-|'=--^l^'2[(*^^^^~'^l"(^~^/'') 



.£=-00 



'\fc=— 00 



M(2^-|L>fe(/)r) 



LP (A') 



Applying the Holder inequality when q > 1 and the inequality that (^^^ lofcl)"^ < lofcl'^ 
when g G (0, 1] for all {ak}kez C C, and using the vector- valued inequality of the Hardy- 
Littlewood maximal operator (see [17]), we then have 

00 , ^ 1/9 

^ [M(2^-|i^fc(/)|'-)_'''' 



, fc=— 00 



LP{X) 
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This finishes the proof of Theorem 1.4. 



□ 



5 Inhomogeneous versions of Theorems 1.3 and 1.4 

We consider both cases IJ,{X) < oo and //(A*) = cx) at the same time. We next recaU 
the notions of inhomogeneous Besov and Triebel-Lizorkin spaces from [21]. 

We call {-SfcjfegN to be an inhomogeneous approximation of the identity of order e with 
bounded support if their kernels satisfy (i) through (v) of Definition 4.1. 

Definition 5.1. Let e, s, p, q, /?, 7 be as in Definition 1.6. Let {Sk\k^^ he an inhomo- 
geneous approximation of the identity of order e with hounded support. For k € N, set 
= Sk — Sk^i- Let {Qt'"^ : t ^ Iq, u = 1, ■ ■ ■ ,N{0,t)} with a fixed large j G N 6e 
dyadic cubes as in Section 4- Let s G (0, e). The inhomogeneous Triehel-Lizorkin space 
Fp^^{X) is defined to be the set of all f G {QoiP^l))' that satisfy 



Af(0,r) 
tG/o ^^=1 



l/p 



1/? 



< 00 



LP{X) 



with the usual modification made when q = 00. 



As shown in [40], the definition of Fp^g(X) is independent of the choices of e, fj, 7 and 
the inhomogeneous approximation of the identity. 

Definition 5.2. Let s G (0, 1], p G (0, 00) and q G (0, 00]. Let A := {Ak{x)}k£Z+,xex 
with Ao{x) = {(/) G g{l, 2), ||(^||£7(^,i,i,2) < 1} and for keN, 

Ak{x) := {</. G g{l, 2), ||</>||g(,,2-M,2) < !}• 

The inhomogeneous grand Triehel-Lizorkin space AFp^q{X) is defined to be the set of all 
f G (^(1, 2))' that satisfy 



1/9 



Y,^'^^' sup \{f,<P)\^ 



.k=0 



< 00 



LP{X) 



with the usual modification made when q = 00. 

Then we have the following result. 

Theorem 5.1. Let all the assumptions be as in Definition 5.1. Then Fp g{X) = AFp g{X) 
with equivalent norms. 
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The proof of Theorem 5.1 is similar to that of Theorem 1.4. We point out that 
instead of the homogeneous Calderon reproducing formula, we need the inhomogeneous 
one established in [21]. We omit the details. 

Moreover, we define the inhomogeneous Hajlasz-Sobolev spaces as follows. We also 
have an inhomogeneous version of Theorem 1.3, which can be proved by using the ideas 
appearing in the proofs of Theorem 3.2 and Theorem 1.3. 

Definition 5.3. Let p G (0,00) and s G (0,1]. The inhomogeneous fractional Hajlasz- 
Sobolev space M^'P(X) is defined to be the set of all measurable functions f G L^^^^ (X) 
that satisfy both f G hP{X) = Fp 2i^) and f G M^'P{X); moreover, define \\f\\M'>>p{x) = 
||/IUp(A') +infseO(/) \\f\\M^,P{x)^ 

Theorem 5.2. Let s G (0, 1] and p G (n/(n + s),oo). Then M^'P{X) = AF^ ,^{X) with 
equivalent norms. 
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